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Abstract
In this paper, we introduce cohomology of n-Hom-Liebniz algebra morphisms and
formal deformation theory of n-Hom-Liebniz algebra morphisms .
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1. Introduction
Algebraic deformation theory was introduced by M. Gerstenhaber in a series of pa-
pers [7],[8],[9], [10], [11]. Cohomology and deformations of n-Hom-Liebniz algebras
were introduced in [20].
Organization of the paper is as follows. In Section 2, we recall some definitions and
results. In Section 3, we introduce deformation complex and deformation cohomology
of an n-Hom-Liebniz algebra homomorphism. In Section 4, we introduce deformation
of an n-Hom-Liebniz algebra homomorphism.
2. Preliminaries
From [20], we recall following definitions.
Definition 2.1. A representation of a multiplicative n-Hom-Leibniz algebra (L, [., · · · , .], α)
is a pair (M,αM ), where M is a vector space and αM : M → M is a linear map,
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equipped with n actions [· · · , · · · , · · · ]i : L
⊗i⊗M⊗L⊗n−1−i →M, 0 ≤ i ≤ n−1,
satisfying (2n− 1) equations which are obtained from
[[x1, · · · , xn], α(y1), · · · , α(yn−1)] =
n∑
i=1
[α(x1), · · · , [xi, y1, · · · , yn−1], α(xi+1), · · · , α(xn)]
(1)
by letting exactly one of the variables x1, · · · , xn, y1, · · · , yn−1 be in M (hence the
corresponding α should be replaced by αM ) and all others in L.
Definition 2.2. Let (M,αM ) be a representation of the multiplicative n-Hom-Leibniz
algebra (L, [., · · · , .], α). We define Cp(L,M) as the collection of linear maps f :
L⊗ (Dn−1(L))⊗p−1 →M such that αM ◦ f = f ◦ (α ⊗ α¯
⊗p−1). We define
δp : C
p(L,M)→ Cp+1(L,M)
by
δp(f)(z,X1, · · · , Xp)
=
p∑
1≤i<j
(−1)jf(α(z), α¯(X1), · · · , α¯(Xi−1), [Xi, Xj ], α¯(Xi+1), · · · , Xˆj , · · · , α¯(Xp))
+
p∑
i=1
(−1)if([z,Xi], α¯(X1), · · · , Xˆi, · · · , α¯(Xp)
+
p∑
i=1
(−1)i+1[f(z,X1, · · · , Xˆi, · · · , Xp), α¯
⊗p−1(Xi)]0
+ (X1.αf(, X2, · · · , Xp)).α
p−1(z), (2)
where
(X1.αf(, X2, · · · , Xp)).α
p−1(z)
=
n−1∑
i=1
[αp−1(z), αp−1(X11 ), · · · , f(X
i
1, X2, · · · , Xp), · · · ), α
p−1(Xp1 )]i
The last two terms in the definition of the coboundary make use of the n actions
[· · · , · · · , · · · ]i : L
⊗i⊗M ⊗L⊗n−1−i →M, 0 ≤ i ≤ n− 1. Elements of Cp(L,M)
are called p-cochains.
Definition 2.3. A formal one-parameter deformation of a n-Hom-Leibniz algebra (L, [., · · · , .], α)
is a map ft : L[[t]]
⊗n → L[[t]], where tensor product taken over K[[t]], such that for
2
X = (x1, x2, · · · , xn) ∈ L
⊗n, ft(X) =
∑∞
i=0 t
iFi(X) for some Fi : L
⊗n → L,
i ≥ 1, F0 being the bracket in L, such that
ft(ft(X), α(y1), · · · , α(yn−1))
=
n∑
i=1
ft(α(x1), · · · , α(xi−1), ft(xi, y1, · · · , yn−1), α(xi+1), · · · , α(xn))(3)
3 is equivalent to
∑
i+j=l
Fi(Fj(X), α(y1), · · · , α(yn−1))
=
n∑
i=1
∑
j+k=l
Fj(α(x1), · · · , α(xi−1), Fk(xi, y1, · · · , yn−1), α(xi+1), · · · , α(xn)),
(4)
for all integers 0 ≤ l.
From 4, we have
[(Fl(X), α(y1), · · · , α(yn−1)] + Fl([X ], α(y1), · · · , α(yn−1))
−
n∑
i=1
[α(x1), · · · , α(xi−1), Fl(xi, y1, · · · , yn−1), α(xi+1), · · · , α(xn)]
−
n∑
i=1
Fl(α(x1), · · · , α(xi−1), [xi, y1, · · · , yn−1], α(xi+1), · · · , α(xn))
=
n∑
i=1
∑
j+k=l
j,k>0
Fj(α(x1), · · · , α(xi−1), Fk(xi, y1, · · · , yn−1), α(xi+1), · · · , α(xn))
−
∑
i+j=l
i,j>0
Fi(Fj(X), α(y1), · · · , α(yn−1))
(5)
3. Deformation complex of n-Hom-Liebniz algebra morphism
Definition 3.1. Let (L, [., · · · , .], α), (M, [., · · · , .], β) be n-Hom-Liebniz algebras and
φ : M → N be a n-Hom-Liebniz algebramorphism. Let (C∗(L;L), δ), (C∗(M ;M), δ)
and (C∗(L;M), δ) be as defined in 2.2 with coeffiecients in L,M andM respectively.
We define
Cp(φ) = Cp(L;L)⊕ Cp(M ;M)⊕ Cp−1(L;M),
3
for all p ∈ N and C0(φ) = 0. For any n-Hom-Liebniz algebra morphism φ : M → N ,
u ∈ Cp(L;L), v ∈ Cp(M ;M), define φu : L⊗ (Dn−1(L))⊗p−1 →M and vφ : L⊗
(Dn−1(L))⊗p−1 → M by φu(z,X1, X2, · · · , Xp−1) = φ(u(z,X1, X2, · · · , Xp−1)),
vφ(z,X1, X2, · · · , Xp−1) = v(φz, φ
⊗p−1X1, φ
⊗p−1X2, · · · , φ
⊗p−1Xp−1), for all
(z, x1, X2, · · · , Xp−1) ∈ L⊗(D
n−1(L))⊗p−1. Also, we define dp : Cp(φ)→ Cp+1(φ)
by
dp(u, v, w) = (δpu, δpv, φu− vφ− δp−1w),
for all (u, v, w) ∈ Cp(φ). Here the δp’s denote coboundaries of the cochain complexes
Cn(L;L), Cn(M ;M) and Cp−1(L;M).
Proposition 3.1. (C∗(φ), d) is a cochain complex.
Proof. We have
dp+1dp(u, v, w) = dp+1(δpu, δpv, φu− vφ− δp−1w)
= (δp+1δpu, δp+1δpv, φ(δpu)− (δpv)φ − δp(φu − vφ− δp−1w))
One can easily see that δp(φu − vφ) = φ(δpu) − (δpv)φ. So, since δp+1δpu = 0,
δp+1δpv = 0, δp+1δpw = 0, we have dp+1dn = 0. Hence we conclude the result.
We call the cochain complex (C∗(φ), d) as deformation complex of φ, and the
corresponding cohomology as deformation cohomology of φ. We denote the deforma-
tion cohomology by Hp(φ), that is Hp(φ) = Hp(C∗(φ), d). Next proposition relates
H∗(φ) to H∗(L,L),H∗(M,M) andH∗(L,M).
Proposition 3.2. If Hn(L,L) = 0, Hn(M,M) = 0 and Hn−1(L,M) = 0, then
Hn(φ) = 0.
Proof. Let (u, v, w) ∈ Cn(φ) be a cocycle, that is dn(u, v, w) = (δnu, δnv, φu −
vφ − δn−1w) = 0. This implies that δnu = 0, δnv = 0, φu − vφ − δn−1w = 0.
Hn(L,L) = 0 ⇒ u = δn−1u1 and H
n(M,M) = 0 ⇒ δn−1v1 = v, for some
u1 ∈ C
n−1(L,L) and v1 ∈ C
n−1(M,M). So 0 = φu− vφ− δn−1w = φ(δn−1u1)−
(δn−1v1)φ− δ
n−1w = δn−1(φu1)− δ
n−1(v1φ) − δ
n−1w = δn−1(φu1 − v1φ− w).
So φu1 − v1φ − w ∈ C
n−1(L,M) is a cocycle. Now, Hn−1(L,M) = 0 ⇒ φu1 −
4
v1φ−w = δ
n−2w1, for some w1 ∈ C
n−2(L,M)⇒ φu1 − v1φ− δ
n−2w1 = w. Thus
(u, v, w) = (δn−1u1, δ
n−1v1, φu1 − v1φ − δ
n−2w1) = d
n−1(u1, v1, w1), for some
(u1, v1, w1) ∈ C
n−1(φ). Thus every cocycle in Cn(φ) is a coboundary. Hence we
conclude thatHn(φ) = 0.
4. Deformation of a n-Hom-Liebniz algebra morphism
Definition 4.1. Let (L, [., · · · , .], α) and (M, [., · · · , .], β) be n-Hom-Liebniz algebras.
A formal one-parameter deformation of a n-Hom-Liebniz algebra morphism φ : L →
M is a triple (ξt, ηt, φt), in which:
1. ξt =
∑∞
i=0 ξit
i is a formal one-parameter deformation for L.
2. ηt =
∑∞
i=0 ηit
i is a formal one-parameter deformation forM .
3. φt =
∑∞
i=0 φit
i, where φi : L → M is a module homomorphism, 1 ≤ i, such
that φt(ξt(X)) = ηtφ
⊗n
t (X), for allX ∈ L
⊗n and φ0 = φ.
Therefore a triple (ξt, ηt, φt), as given above, is a formal one-parameter deforma-
tion of φ provided following properties are satisfied.
(i)
ξt(ξt(X), α¯(Y ))
=
n∑
i=1
ξt(α(x1), · · · , α(xi−1), ξt(xi, y1, · · · , yn−1), α(xi+1), · · · , α(xn)),
(6)
for allX ∈ L⊗n, Y ∈ L⊗n−1, X = (x1, · · · , xn), Y = (y1, · · · yn−1);
(ii)
ηt(ηt(X), β¯(Y ))
=
n∑
i=1
ηt(β(x1), · · · , β(xi−1), ηt(xi, y1, · · · , yn−1), β(xi+1), · · · , β(xn)),
(7)
for X ∈M⊗n, Y ∈M⊗n−1, X = (x1, · · · , xn), Y = (y1, · · · yn−1);
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(iii)
φt(ξtX) = ηtφ
⊗n
t (X), (8)
for allX ∈ L⊗n.
The conditions 6, 7 and 8 are equivalent to following conditions respectively.
∑
i+j=l
ξi(ξj(X), α¯(Y ))
=
n∑
i=1
∑
j+k=l
ξj(α(x1), · · · , α(xi−1), ξk(xi, y1, · · · , yn−1), α(xi+1), · · · , α(xn)),
(9)
for X ∈ L⊗n, Y ∈ L⊗n−1, X = (x1, · · · , xn), Y = (y1, · · · yn−1) and integers
0 ≤ l.
∑
i+j=l
ηi(ηj(X), β¯Y )
=
n∑
i=1
∑
j+k=l
ηj(β(x1), · · · , η(xi−1), ηk(xi, y1, · · · , yn−1), β(xi+1), · · · , β(xn)),
(10)
forX ∈M⊗n, Y ∈M⊗n−1, X = (x1, · · · , xn), Y = (y1, · · · yn−1) and integers
0 ≤ l.
∑
i+j=l
φiξj(X)
=
∑
{i+j1+···+jn}=l
ηi(φj1x1, · · · , φjnxn) (11)
Define a 3-cochain Fl by
Fl(X1, Y1, X2, Y2, Z) = (O1(X1, Y1), O2(X2, Y2), O3(Z)), (12)
forX1 ∈ L
⊗n, X2 ∈M
⊗n Y1 ∈ L
⊗n−1, Y2 ∈M
⊗n−1 X1 = (x
1
1, · · · , x
n
1 ), Y1 =
(y11 , · · · y
n−1
1 ), X2 = (x
1
2, · · · , x
n
2 ), Y2 = (y
1
2 , · · · y
n−1
2 ),
6
where
O1(X1, Y1)
=
∑
i+j=l
i,j>0
{ξi(ξj(X1), α¯(Y1))−
n∑
k=1
ξi(α(x
1
1), · · · , α(x
k−1
1 ), ξj(x
k
1 , y
1
1, · · · , y
n−1
1 ), α(x
i+1
1 ), · · · , α(x
n
1 ))}
(13)
O2(X2, Y2)
=
∑
i+j=l
i,j>0
{ηi(ηj(X2), β¯Y2)−
n∑
k=1
ηi(β(x
1
2), · · · , η(x
k−1
2 ), ηj(x
k
2 , y
1
2 , · · · , y
n−1
2 ), β(x
i+1
2 ), · · · , β(x
n
2 ))},
(14)
O3(X) =
∑´
ηi(φj1x1, · · · , φjnxn)−
∑
i+j=l
i,j>0
φiξj(X), (15)
where
∑´
=
l−1∑
i=1
n∑
r=1
∑
j1+···+jn=l−i
jr=0
+
∑
j1+···+jn=l
i=0,0≤jr≤l−1,1≤r≤n
+
l−1∑
i=1
∑
j1+···+jn=l−i
jr>0
1≤r≤n
(16)
Definition 4.2. The 3-cochain Fl ∈ C
3(φ) is called lth obstruction cochain for ex-
tending the given deformation of order (l − 1) to a deformation of φ of order (l). We
denote Fl by Obl(φt)
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